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1. INTRODUCTION 
In [1] C. C. Lindner and A. Rosa gave a complete solution to the problem of 
constructing Steiner triple systems having a prescribed number of triples in common. In 
particular if we denote by J[v] the set of all integers such that there exists a pair of 
Steiner triple systems intersecting in exactly k triples, then Lindner and Rosa showed 
that J[3] = {I}, J[7] = {a, 1,3, 7}, J[9] = {a, 1,2,3,4,6, 12}, and for v;;;o13, J[v] = 
{a, 1,2, ... , v(v -1)/6 = tv}\{tv -1, tv -2, tv -3, tv -5}. The purpose ofthis paperis to give 
a complete solution to the analogous problem for Mendelsohn triple systems. 
In what follows an ordered pair will always be an ordered pair (x, y) where x ;t. y. A 
cyclic triple is a collection t of three ordered pairs such that an element occurs as a first 
coordinate of an ordered pair in t if and only if it occurs as a second coordinate of an 
ordered pair in t. We will denote the cyclic triple {(a, b), (b, c), (c, a)} by (a, b, c), (b, c, a) 
or (c, a, b). A Mendelsohn triple system (MTS) is a pair (S, T) where S is a set containing 
v elements and T is a collection of cyclic triples of elements of S such that every ordered 
pair of distinct elements of S belongs to exactly one cyclic triple in T. The number lsi = v 
is called the order of the MTS (S, T) and in 1971 N. S. Mendelsohn [4] proved that the 
spectrum for MTSs is the set of all v == ° or 1 (mod 3) except v = 6. Mendelsohn himself 
called such systems cyclic triple systems. This vernacular, however, can be a bit confusing 
since Steiner triple systems admitting a cyclic automorphism (see R. Peltesohn [5]) are 
also called cyclic triple systems. The terminology "Mendelsohn triple system" is due to 
R. Mathon and A. Rosa [3]. It is well taken since it not only eliminates some ambiguity 
but recognizes, as well, the fact that N. S. Mendelsohn was the first to determine the 
spectrum for such systems. (We remark, as is well known, that an MTS is equivalent to 
a quasigroup satisfying the identities x 2 = x and x (yx) = y. However, in what follows, we 
will use design vernacular exclusively.) 
The first two non-trivial examples of MTSs are given by the pairs (S, T) and (Q, B) 
where: 
S = {I, 2, 3}, T = {(I, 2, 3), (2, 1, 3)} 
and 
Q = {I, 2, 3, 4}, B = {(I, 2, 4), (1, 3, 2), (1,4,3), (2, 3, 4)}. 
Now if (S, T) is an MTS and lsi = v, it is a trivial exercise to see that I TI = v (v -1)/3. 
As was the case for Steiner triple systems, two MTSs (S, T 1) and (S, T2 ) are said to 
intersect in k cyclic triples provided that I Tl n T21 = k. In what follows we will denote by 
J[v] the set of all integers such that there exist a pair of MTSs of order v intersecting 
in k cyclic triples and by I[v] = {a, 1,2, ... , v(v -1)/3 = tv}\{tv -1, tv - 2, tv - 3, tv - 5}. 
The object of this paper is to give a complete solution to the intersection problem for 
MTSs by showing that J[3] = {2}, J[ 4] = {a, 4}, and J[v] = I[v] for all v;;;o 7 (v == ° or 
1 (mod 3), of course). 
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2. BASIC CONSTRUCTIONS 
In this section we collect together most of the constructions and tools necessary for 
what follows. 
CONSTRUCTION A. Set S = 0 x {I, 2, 3}, let (0, °1), (0, °2), and (0, °3) be any three 
(not necessarily related) idempotent quasigroups, and define a collection of cyclic triples 
T of S by: 
(i) «x, 1), (x, 2), (x, 3» and «x, 2), (x, 1), x, 3)) belong to T for every x E 0 and 
(ii) if x ~ y, the six cyclic triples 
«x, 1), (y, 1), (x °1 y, 2)), «y, 1), (x, 1), (y °1 x, 2», 
«x, 2), (y, 2), (x °2 y, 3», «y, 2), (x, 2), (y °2 x, 3)), 
«x, 3), (y, 3), (x °3 y, 1» and «y, 3), (x, 3), (y °3 x, 1)) 
belong to T. 
CONSTRUCTION B. Set S={00}u(Qx{I,2,3}) and for each xEQ let Fx = 
{oo, (x, 1), (x, 2), (x, 3)} and 
fix = {(oo, (x, 1), (x, 2», (00, (x, 2), (x, 3», (00, (x, 3), (x, 1», «x, 1), (x, 3), (x, 2»} 
and 
hx = {(oo, (x, 1), (x, 3», (00, (x, 2), (x, 1», (00, (x, 3), (x, 2», «x, 1), (x, 2), (x, 3))}. 
Then, of course, (Fx,[lx) and (Fx,[2x) are disjoint MTSs of order 4. Define a collection 
T of cyclic triples by modifying part (i) of Construction A by replacing for each x E Q 
the two cyclic triples «x, 1), (x, 2), (x, 3» and «x, 2), (x, 1), (x, 3» with the four cyclic 
triples in either fix or hx. 
CONSTRUCTION C. Set S=Pu(Qx{I,2,3}), and let (Pu(Ox{I}),tl), (Pu 
(0 x {2}), t2), and (P u (0 x {3}), t3) be any three (not necessarily related) MTSs each 
containing the subsystem (P, p); i.e. (P, p) is a MTS and p !;;; tin t2 n 13. Further, let (0, ®) 
and (0,0) be any two (not necessarily related) quasigroups and define a collection of 
cyclic triples T as follows: 
(i) II u t2 U t3!;;; T and 
(ii) «x, 1), (y, 2), (x @ y, 3)) and «y, 2), (x, 1), (y 0 x, 3)) belong to T for every x, y E Q. 
CONSTRUCTION C*. Let Q = {I, 2, 3, 4}, ql = {(I, 2, 3), (1, 3,4), (1,4,2), (2,4, 3)} 
and q2 = {(I, 2, 4), (1, 3, 2), (1, 4, 2), (2, 3, 4)}. Let (0,°.), (Q, °2), (0, °3) and (Q, °4) be 
any four (not necessarily related) quasigroups and pair off in any manner these four 
quasigroups with the four cyclic triples in ql. Now define a collection T of cyclic triples 
of S = 0 x 0 as follows: 
(i) For each i E {l, 2, 3, 4} define a copy of either q. or q2 on 0 x {i} and place these 
cyclic triples in T; and 
(ii) for each (x, y, z) E ql place the 16 cyclic triples «a, x), (b, y), (a 0; b, z)), all a, b E Q, 
in T (where (0,°;) is the quasigroup associated with (x, y, z)). 
CONSTRUCTION D. Let (0, q) be an MTS. By a parallel class of cyclic triples of q is 
meant a collection of 101/3 cyclic triples with the property that the sets consisting of the 
three elements in each cyclic triple partition Q. Now, let (Q, q) be an MTS and let 1T., 
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11'2, •.• ,11'u be any u = ° or 1(mod 3), u ¥ 6, pairwise disjoint parallel classes of q. Let 
p = {00t. 002 , 003 , ••• , oou} be any set of size u such that P n 0 = 0 and let (P, p) be any 
MTS. Set S = P u 0 and define a collection T of cyclic triples of S as follows: 
(i) The cyclic triples in q\(11'1 u 11'2 U ••• U 11'u) belong to T, 
(ii) the cyclic triples in p belong to T and 
(iii) if (a, b, c) E 11'i, replace (a, b, c) with the three cyclic triples (a, b, 00;), (b, c, 00;) and 
(c, a, 00;). 
CONSTRUCTION E. Let (Q, q) be an MTS of order v and set S = 
(0 x {1}) u «0 u{oo}) x {2}), where 00 eO. Let (0 u {oo}, 0) be any quasigroup such that 
x 0 x = 00 for all x E 0 U {oo}. Now define a collection of cyciic triples T of S by: 
(i) For each (x, y, z) E q, «x, 1), (y, 1), (z, 1)) E T, and 
(ii) if x ¥ yEO U {oo}, «x, 2), (y, 2), (x 0 y, 1)) E T. 
In [2] the authors proved the following theorem. 
THEOREM 2.1 [2]. Any MTS of order v can always be embedded in an MTS of order 
u for every u ;;;. 2 v + 1 and u == ° or 1 (mod 3). 
THEOREM 2.2. If kEJ[V], then k+(u-v)q+(u-v)(u-2v-1)/3EJ[U] for every 
q = 0, 1,2, ... , v -2, v and every u ;;;.2v + 1 such that u =0 or 1 (mod 3). 
PROOF. Let (S, T) be an MTS of order u containing the subsystem (V, t) of order 
v. We can assume V = {1, 2, ... , v}. For each i E V denote by D; = {(a, b, i)l{a, b} ~ S\ V 
and i E V} and by D = {(a, b, c )I{a, b, c} ~ S\ V}. A simple counting argument shows that 
IDI =(u -v)(u -2v -1)/3 and that ID;I = u -v for each i E V. Let a be any permutation 
on V fixing exactly q elements. Trivially, such permutations exist for every q = 
0, 1~ 2, ... , v - 2, v. Finally, let (V, t1) and (V, t2) be a pair of MTSs intersecting in k 
cyclic triples. Set 
{
TI = tl uDI uD2 u'" uDv uD and 
T2 = t2 uDt uD~ U· .• uDt uD, 
where Dr = {(a, b, ia )I(a, b, i) E Di}' It is immediate that each of (S, T I ) and (S, T 2 ) are 
MTSs and that I TI n T21 = k + (u - v)q + (u - v)(u - 2v -1)/3, which completes the proof. 
THEOREM 2.3. Let u, v =0 or 1 (mod 3), u >2v+ 1, and u -v¢O(mod 3). Ifk EJ[V], 
then k + (u - v)q E J[u] for all q = 0, 1,2, ... , v + s where s = (u - 2v -1)/3, except when 
v=1 andq=O. 
PROOF. Let Zu-v = {O, 1,2, ... , u - v -1}. In [2] it is shown that Zu-v \{O} can be 
partitioned into v singleton sets {Xl}' {X2}, ... , {Xv} and (u - 2v -1)/3 = s 3-element sets 
{at. bt. CI}, {a2, b2 , C2}, ... ,{a .. b .. cs } such that a; + bi + C; = ° for all i = 1, 2, ... , s. For 
each {x;} set D; = {(a, b )Ib - a = x;} and for each 3-element set {a;, b;, e;} set C(ai, bi) = 
{(z, ai + z, ai + bi + z )Iz = 0, 1,2, ... , u - v -1} and C(bi, a;) = {(z, bi + z, bi + ai + z )Iz = 
0,1,2, ... , u - v -1}. Note that C(ai, bi) n C(bi, a;) = 0. Let V = {Ylo Y2, ... , Yv} be a set 
disjoint from Zu-v and (V, t l ) and (V, t2) a pair of MTSs intersecting in k cyclic triples. 
Write q = ql + q2 where ql E {O, 1,2, ... , v - 2, v} and q2 E {O, 1,2, ... , s}, and let a be 
a permutation of {1, 2, 3, ... , v} fixing exactly ql elements. 
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Finally, set 
D; = {(a, b, y;)l(a, b)ED;}, 
D;o. = {(a, b, y;o. )i(a, b) ED;}, 
C = C(ah bt) u C(az, bz) u ... u C(a., bs ), 
Ct = C(at, bt ) u C(az, bz) U' •• u C(as -'I2' bS - q 2 ) and 
Cz = C(b h at) u C(bz, az) U· •. U C(bS - Q2 , as - Q2 )' 
Now define two collections of cyclic triples on S = V u Zu - v as follows: 
{ 
Tt = tt uDt uDz U· .• uDv u C and 
Tz = t2 uDto. uDzo. U· .• uDvo. u(C\Ct ) u Cz. 
Trivially, both (S, T t ) and (S, Tz) are MTSs of order u and, of course, ITt n Tzi = 
k + (u - V )qt + (u - v)qz = k + (u - v)q. This completes the proof. 
3. THE SETS J[v] FOR SMALL v 
The proofs of the first two lemmas are trivial and so are stated without proof. 
LEMMA 3.1. J[v]s;;I[v]. 
LEMMA 3.2. J[3] = {2} and J[ 4] = {O, 4}. 
LEMMA 3.3. J[7] = 1[7]. 
PROOF. Let S = {1 , 2, 3,4, 5, 6, 7} and let Th T z, T3, T4 and Ts be the following 
collections of cyclic triples: 
T t = {(1, 2, 4), (1, 3, 2), (1,4,5), (1, 5, 7), (1, 6, 3), (1,7,6), (2, 3, 5), 
(2,5,6), (2,6,7), (2, 7, 4), (3, 4, 7), (3, 6, 4), (3, 7, 5), (4, 6, 5)}; 
Tz = {(1, 2, 4), (1, 3, 7), (1,4,3), (1, 5, 6), (1, 6, 2), (1, 7,5), (2, 3, 5), 
(2,5,4), (2, 6, 1), (2, 7, 3), (3, 4, 6), (3, 6, 5), (4, 5, 7), (4, 7, 6)}; 
T3 = {(1, 2, 5), (1, 3, 6), (1,4,7), (1, 5, 2), (1, 6, 3), (1,7,4), (2, 3, 4), 
(2,4,3,), (2, 6, 7), (2, 7,6), (3, 5, 7), (3, 7, 5), (4, 5, 6), (4, 6, 5)}; 
T4 = {(1, 2, 5), (1, 3, 6), (1,4,7), (1, 5, 2), (1, 6, 3), (1,7,4), (2, 3, 4), 
(2,4,6), (2, 6, 7), (2, 7,3), (3, 5,4), (3,7,5), (4, 5, 6), (5, 7, 6)}; and 
Ts = {(1, 2, 4), (1, 3, 7), (1, 4, 3), (1, 5, 2), (1, 6, 5), (1, 7,6), (2, 3, 6), 
(2,5,3), (2, 6, 7), (2, 7, 4), (3,4,6), (3, 5, 7), (4, 5, 6), (4, 7, 5)}. 
Then each of (S, T t ), (S, T2), (S, T3), (S, T4) and (S, Ts) is an MTS and I T2 n T31 = 1, 
IT2n T41 = 2, ITt n T21 = 3, ITt n T31 =4, IT2n Tsl = 5, IT3n T41 = 10, and ITt n Ttl = 14. 
Using Theorem 2.2 with k = 0, v = 1, u = 7 and q = 0 shows 8 E J[7]; and with k = 2, 
v = 3, u = 7 and q = 1 shows 6 E J[7]. Finally, using Theorem 2.3 with u = 7, v = k = 0 
and q E {O, 1} gives {O, 7} s;; J[7]. 
LEMMA 3.4. J[9] = 1[9]. 
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PROOF. Applying Theorem 2.2 with k E {O, 4}, v = 4 and q E {O, 1, 2, 4} gives 
{O, 4, 5, 9,10,14,20, 24}£J[9]. Applying Theorem 2.3 with u = 9, v = 1, k = ° and 
q E {1, 2} gives {8, 16} £ J[9]. Now consider Construction C with P = 0 = p and ° = 
{1, 2, 3}. (Since an MTS of order 3 is unique, this forces our choice of t1. t2 and t3.) Let 
(0, (1), (0, 0 1), (0, ( 2) and (0, O2) be quasigroups and consider the MTSs (S, T 1 ) and 
(S, T2) obtained by Construction C. It is immediate that I Tl n T21 = 6 + 11 + 12, where 
11 = I{(x, y) E 021x 0 1 y = X 02 y}1 and 
12= H(x, y)E 021x 0 1 y =x O2 y}l. 
A short examination of quasigroups of order 3 shows that the possible values for 11 and 
12 are 0, 3, or 9. Hence, {6, 9,12,15,18, 24} £J[9]. Now let (S, T) be an MTS obtained 
from Construction A with ° = {1, 2, 3} and let (S, T 1) be anyone of the MTSs constructed 
above. Then IT n TIl = ml + m2, where ml is the number of idempotents in (0, (1) and 
m2 is the number of idempotents in (0,0 1 ). Trivially, ml and m2 can be 0, 1 or 3. 
Hence, {O, 1,2,3,4, 6} £J[9]. This leaves in doubt only 7, 11, 13 and 17. We handle 
these cases with Construction E. Let ° = {1, 2, 3, 4} and define quasigroups (0 u{oo}, (1) 
and (0 u{oo}, (2) by the accompanying tables. 
<2S\001234 
00 
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4 
00 
4 
2 
1 
3 
1 
00 
3 
2 
4 
2 3 4 
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00 4 1 
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1 2 00 
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4 
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1 
4 
3 4 1 
2 3 4 
00 1 2 
4 00 3 
1 2 00 
Now if (S, T 1) and (S, T2) are obtained by Construction E, then I Tl n T21 = Iql n q21 + 7 
where (0, ql) and (0, q2) are MTSs of order 4. Since Iql n q21 = ° or 4, {7, 11} E J[9]. If 
the following two quasigroups (0,0 1) and (0, O 2) 
0 1 00 1 2 3 4 
00 
1 
2 
3 
4 
00 
4 
1 
2 
3 
2 
00 
4 
3 
1 
1 3 4 
3 1 2 
00 2 3 
4 00 1 
2 4 00 
O 2 00 1 2 3 4 
1 
2 
3 
4 
00 
4 
1 
2 
3 
2 
00 
4 
3 
1 
3 1 4 
1 2 3 
00 3 2 
4 00 1 
2 4 00 
are used in Construction E then I Tl n T21 = Iql n q21 + 13 and so {13, 17} £ J[9] which 
completes the proof. 
LEMMA 3.5. J[10] = 1[10]. 
PROOF. Let Al = {(O, 1,4), (0,4,7), (0,7,1), (0,7, 4)}, A2 = {(O, 2, 5), (0,5,8), 
(0,8,2), (2, 8, 5)} and A3 = {(O, 3, 6), (0, 6, 9), (0,9, 3), (3,9, 6)}; and for each i = 1, 2 or 
3 let Bi denote the set of cyclic triples obtained from Ai by replacing each (x, y, z) E Ai 
by (x, z, y). Further, let A4 = {(1, 2, 6), (1,6,2), (1, 3, 5), (1, 5, 3), (2, 3,4), (2,4,3), 
(4,5,9), (4,9, 5), (4,6, 8), (4,8,6), (5,6, 7), (5, 7,6), (7,8, 3), (7, 3, 8), (7,9,2), (7,2,9), 
(8,9, 1), (8, 1, 9)} and B4 = (Cl, 2, 9), (1, 9, 2), (1, 3, 8), (1, 8, 3), (2, 3, 7), (2, 7,3), (4, 5, 3), 
(4,3,5), (4,6,2), (4,2,6), (5, 6, 1), (5, 1,6), (7,8,6), (7,6,8), (7,9,5), (7,5,9), (8,9,4), 
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(8,4,9)}. We now construct 16 distinct MTSs (0 = {O, 1,2, ... , 9}, T) as follows: for 
each i = 1, 2, 3, 4, let T j be either A j or B j and take T = Tl U T2 U T3 U T4. A careful 
check shows that each (0, T) is an MTS of order 10. Note that A j n B j = 0 for all 1 ~ i, 
j ~ 4. Now taking all possible intersections gives {O, 4, 8, 12, 18,22,26, 30} S; J[10J. For 
each i = 1, 2, 3, 4, let C; be the collection of cyclic triples obtained by interchanging the 
symbols 8 and 9 in each cyclic triple of A j and let T' = Cl U C2 U C3 U C4 • Then (Q, T') 
is an MTS and if T is anyone of the 16 MTSs constructed above the values of IT n T'I 
are {O, 1,2,4,5,6,10,11,12, 14, 15, 16} s;J[10J. For each i = 1, 2, 3, 4, let D j be the 
collection of cyclic triples obtained by replacing the symbols 4, 5 and 6 in A j with, 
respectively, 5, 6 and 4. If we set Til = Dl U D2 U D3 U D4 then (0, Til) is an MTS and 
the values of IT n Till are to, 1,2,3,6,7,8, 9}s;J[10J. Now using Theorem 2.3 with 
u = 10, v = 3, k = 2 and q = 3 gives 23 E J[10J. At this point, the only numbers in doubt 
are 13, 17, 19, 20, 21 and 24. Let El = {(1, 4, 5), (1,6,7), (1,8,3), (2,4,3), (2,6,5), 
(2,8, 7)}, E2 = {(1, 4; 3), (1,6,5), (1,8,7), (2,4,5), (2,6,7), (2,8, 3)} and F = {(1, 2, 9), 
(1,3,4), (1,5,6), (1,7,8), (1,9,2), (2,3,6), (2,5,8), (2,7,4), (3, 5, 7), (3,7,9), (3,8,6), -
(3,9,5), (4, 6, 8), (4,7,5), (4, 8, 9), (4, 9, 6), (5, 9, 8), (6,9, 7)}. Then each of (Q\{O}, El U 
F) and (0\{0},E2 uF) is an MTS of order 9. Let 1Tl={(1, 2,9), (3,5,7), (4, 6, 8)}, 
1T2 = {(1, 4, 3), (2,5,8), (6,9, 7)}, 1T3 = {(1, 9, 2), (3,5, 7), (4,6, 8)} and 1T4 = {(1, 3, 4), 
(2,5,8), (6, 9, 7)}. We now use Construction D with u = 1 and (P = {O}, p = 0) to construct 
four MTSs (0, M l), (Q, M 2 ), (Q, M 3) and (Q, M 4 ), where Mlo M 2 , M3 and M4 are defined 
as follows: for Ml take q = El uF and 1Tl; for M2 take q = El uF and 1T4; for M3 take 
q = E2 U F and 1T2; and for M4 take q = E2 U F and 1T3. An immediate calculation shows 
that IMl nM31 = 13,IMl nM41 = 20 and 1M2 nM31 = 21, and so {13, 20, 21} s;J[10J. 
Now consider the pair (5, T l ) and (5, T2 ) of MTSs of order 9 constructed in Lemma 
3.4 to show that 18 E J[9J. Each contains the parallel class 1Ts = {(1, 1), (2, 1), (3, 1», 
«1,2), (2,2), (3,2», «1,3), (2,3), (3, 3»}, and so using Construction D with u = 1 and 
(P = {oo}, p = 0) gives a pair of MTSs intersecting in exactly 24 cyclic triples, i.e. 
24 E J[10J. Similarly, the MTSs (5, T3 ) and (5, T4 ), constructed in Lemma 3.4 to 
show that 15 E J[9J, contain the parallel class 1Ts above as well as the parallel class 
1T6 = {((1, 1), (3, 1), (2, 1», «1,2), (2,2), (3,2», «(1,3), (2,3), (3, 3»}. Now, by using 1Ts 
with T3 and 1T6 with T4, Construction D produces a pair of MTSs intersecting in 17 
cyclic triples. Hence, 17 E J[10J, and so the proof will be complete if we can show 
19EJ[10J. We will handle this by an example. 
Let Al ={(O, 1,2), (0,2,3), (0,3,1), (1,3,2), (5,7,1), (5,8,3), (6,7,3), (6,8,1), 
(6,9, 2), (7,8,2), (7,9, 3)}, A2 = {(O, 1, 3), (0,3, 2), (0, 2, 1), (1, 2, 3), (5,7,3), (5,8, 1), 
(6,7,1), (6, 8, 2), (6, 9, 3), (7, 8, 3), (7, 9, 2)} and B = {(3, 4, 5), (3, 8, 4), (3, 9, 6), (1,4,6), 
(1 , 7,4), (1,8,9), (1,9,5), (2,4,7), (2,5,6), (2,8,5), (2,9,4), (0,4,9), (0,5,4), (0,6,5), 
(0,7,6), (0,8,7), (0,9,8), (4, 8,6), (5,9,7)}. Then (Q,AjuB) and (Q,A 2 uB) are 
MTSs (Q ={O, 1,2,3,4,5,6,7,8, 9}) with IBI = 19EJ[10J cyclic triples in common. 
Hence J[lOJ = [[lOJ. 
LEMMA 3.6. J[12J = [[12]. 
PROOF. Consider Construction C with P = 0 and 0 = to, 1,2, 3}. Let K be the set 
of all non-negative integers k such that there exists a pair of quasigroups of order 4 
whose associated latin squares agree in exactly k places. Then 4j + kl + k2 E J[12J for all 
j E to, 1,2, 3} and klo k2 E K. The following nine quasigroups now show that 
to, 1, 2, 3,4,5,6, 7, 8, 12, 16} ~ K and as a consequence [[12J\{35, 38} s; J[12]. 
To handle these last two cases, note that if (5, T 1) and (5, T2 ) are MTSs of order 9 
which intersect in k cyclic triples and have in common the pairwise disjoint parallel 
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classes 7Th 7T2 and 7T3, then Construction D with u = 3 produces a pair of MTSs of order 
12 which have 20 + k directed triples in common. But in our solutions above to k = 15 
or 18 E J[9], such parallel classes are easily found and so 35 and 38 E J[12]. 
o 
1 
2 
3 
o 
1 
2 
3 
o 
1 
2 
3 
o 1 2 3 
1 0 3 2 
0 1 2 3 
3 2 0 1 
2 3 1 0 
o 1 2 3 
0 1 2 3 
3 2 1 0 
1 0 3 2 
2 3 o 1 
o 123 
0 2 3 1 
2 3 1 0 
3 1 0 2 
1 0 2 3 
LEMMA 3.7. J[13] = 1[13]. 
o 
1 
2 
3 
o 
1 
2 
3 
o 
1 
2 
3 
o 123 
0 1 2 3 
1 0 3 2 
2 3 1 0 
3 2 0 1 
o 1 2 3 
0 1 2 3 
1 2 3 0 
2 3 0 1 
3 0 1 2 
o 123 
0 1 3 2 
1 3 2 0 
3 2 0 1 
2 0 1 3 
o 
2 
3 
o 
1 
2 
3 
o 
1 
2 
3 
o 1 2 3 
0 1 3 2 
2 3 1 0 
3 2 0 1 
1 0 2 3 
o 123 
0 1 2 3 
1 0 3 2 
2 3 0 1 
3 2 1 0 
o 1 2 3 
0 1 2 3 
1 3 0 2 
3 2 1 0 
2 0 3 1 
PROOF. Construction D with u = 1 will take care of most of the cases. Let (S, T 1) 
and (S, T2) be any two of the MTSs of order 12 constructed in showing that 4j + k1 + k2 E 
J[1'2]. Now suppose for some a, b E 0= {O, 1,2, 3} that a @1 b = a @2 b where (0, (1) 
is a: quasigroup used in constructing (S, T 1 ) and (0, (2) is a quasigroup used in constructing 
(S; T2 ). Then «a, 1), (b,2), (a @1 b,3» belongs to a unique parallel class 7T1 of (S, T 1) 
where the remaining cyclic triples are of the form «x, i), (y, i), (z, i» and to a 
unique parallel class 7T2 of (S, T2 ) where the remaining cyclic triples are also of this form. 
Now using Construction D on (S, T 1) with 7Tl and (S, T2 ) with .7T2 gives a pair of MTSs 
of order 13 intersecting in precisely 6j + kl + k2 + 2 cyclic triples if and only if (S, T1) and 
(S, T2) have exactly 4j + kl + k2 cyclic triples in common. Now, referring to our 4j + k1 + 
k2 E J[12] construction above, we see that admissible values of j, kl ~ 1 and k2 give 
1[13]\{0, 1, 2, 43}~J[13]. Theorem 2.3 with u = 13, v = k = q = 0 gives OEJ[13], and 
with u = 13, v = 3, k = 2 and q = ° gives 2 E J[13]. This leaves only 1 and 43 in doubt. 
We handle these cases by an example. 
Let Tl = {(2, 3, 4), (2,4,5), (2,5,3), (3,5,4), (6,7,8), (6,8,9), (6,9,7), (7,9,8), 
(10,11,12), (10,12,13), (10,13,11), (11,13,12), (2,6, to), (2,7,11), (2,8,13), 
(2,9,13), (3,6,11), (3 , 7, 10), (3,8,13), (3,9,12), (4,6,12), (4,7,13), (4,8,11), 
(4,9,10), (5,6,13), (5,7,12), (5,8,10), (5,9,11), (1,6,2), (1,2,10), (1, 10,6), (1,7,3), 
(1,3,11), (1, 11,7), (1,8,4), (1,4,12), (1, 12,8), (1,9,5), (1,5,13), (1, 13,9), (6, 3,12), 
(6,4,13), (6,5,11), (7,2,13), (7,4,10), (7,5,12), (8,2,11), (8,3,13), (8,5,10), 
(9,2, 12), (9,3, 10), (9,4, 11)}; 
T2 = {(2, 3, 5), (2,5,4), (3,4,5), (6,7,9), (6,9,8), (7,8,9), (10,11,13), (10,13,12), 
(11,12,13), (2,6,10), (2,7,12), (2,8,13), (2,9,11), (3,6,12), (3,7,13), (3,8,11), 
(3,9,10), (4, 6,13), (4, 7,11), (4, 8,10), (4, 9,12), (5, 6,11), (5, 7,10), (5,8,12), (1,5,9), 
(1,9,13), (1,13,5), (1,2,4), (1,4,3), (1,3,2), (1,6,8), (1,8,7), (1,7,6), (1,10,12), 
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(1,12,11), (1,11,10), (6,2,11), (6,3,13), (6,4,10), (6,4,12), (7,2,10), (7,3,12), 
(7,4,11), (7,5,13), (8,2,12), (8,3,10), (8,4,13), (8,5,11), (9,2,13), (9,3,11), 
(9,4, 12), (9,5, 10)}; 
T3 = {(9, 10, 1), (9,1,2), (9,2,3), (9,3,4), (9,4,5), (9,5,6), (9,6,7), (9,7,8), 
(9,8, 10), (11, 10,2), (11, 1,3), (11,2,4), (11,3,5), (11,4,6), (11,5,7), (11,6,8), 
(11,7,10), (11,8,1), (12,10,4), (12,1,5), (12,2,6), (12,3,7), (12,4,8), (12,5,10), 
(12,6,1), (12,7,2), (12,8,3), (13,10,5), (13,1,6), (13,2,7), (13,2,8), (13,4,10), 
(13,5,1), (13,6,2), (13,7,3), (13,8, 4)}; 
A = {(10, 3,1), (1,4,2), (2; 5, 3), (3,6,4), (4,7,5), (5,8,6), (6,10,7), (7,1,8), 
(8,2, 10)}; and 
B = {(10, 3, 2), (1,4,3); (2,5,4), (3,6,5), (4,7,6), (5,8,7), (6,10,8), (7, 1, 10), 
(8,2, 1)}. 
Then IT1!l T21 = 1 and I(T3 uA)!l (T3 uB)1 = 43. 
LEMMA 3.8. J[15] = 1[15]. 
PROOF. We begin with Constructiori C. Let K be the set defined in Lemma 3.6; i.~. 
{O, 1,2,3,4,5,6,8,9,12, 16} S; K. Let M be the set of integers m with the property that 
there exist quasigroups (0,°1) and (0, °2) on 0 = {O, 1,2, 3} each satisfying x °1 x = 
X °2 X = 0 for all x E 0 and whose associated latin squares agree in exactly m places off 
of the main diagonal. Construction E then gives a pair of MTSs of order 7 having exactly 
m + 2 cyclic triples in common. Til;! following quasigroups show that {O, 2, 4, 5, 8, 12} S; 
M: 
o 
1 
2 
3 
o 
1 
2 
3 
o 1 2 3 
0 1 2 3 
2 0 3 1 
1 3 0 2 
J 2 1 0 
o 1 2 3 
0 1 2 3 
1 0 3 2 
3 2 0 1 
2 3 1 0 
o 
1 
2 
3 
o 
1 
2 
3 
o 123 
0 1 3 2 
1 0 2 3 
2 3 0 1 
3 2 1 0 
o 1 2 3 
0 2 3 1 
3 0 1 2 
2 1 0 3 
1 3 2 0 
o 
1 
2 
3 
o 123 
0 1 3 2 
1 0 2 3 
3 2 o 1 
2 3 1 0 
Construction C now gives a pair if MTSs of order 15 having exactly 2 + m1 + m2 + m3 + k1 + 
k2 cyclic triples in common, where mb m2, m3 E M and kb k E K. A quick calculation 
shows now that I[15]\{0, 1,61, 64}s;J[15]. Finally, Theorem 2.2 with u = 15 and v = 7 
gives I[15]\{49, 51, 52, 53} S; J[15]. It follows that J[15] = 1[15]. 
LEMMA 3.9. J[16] = 1[16]. 
PROOF. Theorem 2.2 with v = 7 gives I[16]\{0, 1,2,57,59,60,61,63,64, 65} S; 
J[16]. The remaining cases are handles by Construction C*. A bit of reflection (but not 
too much) shows that Construction C* gives 4j + k1 + k2 + k3 + k4 E J[16] where j E 
{O, 1,2,3, 4} and kb k2' k3, k4 E K where K is defined as in Lemma 3.6. The fact that 
{O, 1,2,3,4,5,6,8,9,12, 16} S; K shows that {O, 1,2,57,60,61,63,64, 65} s;J[16] 
which completes the proof. 
LEMMA 3.10. J[18] = 1[18]. 
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PROOF. Theorem 2.3 with v = 7 gives I[18]\{9, 20, 31, 42, 53, 64, 75, 86}!;;J[18]. 
The most difficult case to handle here is 9. We handle this case with a slight variation 
of Construction A. Let (0, (1) and (0, ( 2) be given by the following quasigroups: 
~1 1 2 3 4 5 6 ~2 1 2 3 4 5 6 
1 
2 
3 
4 
5 
6 
1 
4 
2 
5 
6 
3 
6 2 
2 5 
4 3 
3 6 
1 4 
5 1 
5 3 4 
6 1 3 
1 6 5 
4 2 1 
3 5 2 
2 4 6 
1 
2 
3 
4 
5 
6 
1 
5 
6 
3 
2 
4 
5 
2 
4 
1 
6 
3 
2 
6 
3 
5 
4 
1 
6 3 4 
1 4 3 
2 1 5 
4 6 2 
3 5 1 
5 2 6 
Now use Construction A to construct MTSs (S, T 1) and (S, T2 ) where °1 = °2 = °3 = 01 in 
(S, T1) and °1 = °2 = 01 and °3 = 02 in (S, T2)' Let a be any derangement on ° and denote 
by T2a the set of cyclic triples obtained from T2 by: 
(i) ((x, 1), (xa, 2), (x, 3)) and (xa, 2), (x, 1), (x, 3)) belong to T 2a for every x EO; and 
(ii) if x ¥ y, the six cyclic triples 
((x, 1), (y, 1), ((x °1 y)a~r))' ((y, 1), (x, 1), ((y °1 x)a, 2~{ 
((x,2), (y, 2), ((x °2 y)a ,3)), ((y, 2), (x, 2), ((y °2 x)a ,3)), 
((x, 3), (y, 3), (x °3 y, 1)) and ((y, 3), (x, 3), (y °3 x, 1)) 
belong to T2a. It is immediate that the only cyclic triples Tl and T2a can have in 
common are of the form ((x,3), (y,3), (z, 1)} where x 01 y = X (8)2 Y = z. Since 
(0, (1) and (0, (2) agree in exactly nine places off of the main diagonal it follows 
that IT1 n T2al = 9. 
The remaining cases are handled using Construction A as follows. Let M be the set of 
all.m such that there is a pair of idempotent quasigroups of order 6 whose associated 
latin squares agree in exactly m places off of the main diagonal. Then Construction A 
gives 12 + m1 + m2 + m3 E J[18]. 
'Trivially 30EM and the following quasigroups show {O, 8,19, 22}!;;M: 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
1 234 5 6 
1 3 6 5 4 2 
3 2 4 1 6 5 
5 1 3 6 2 4 
2 6 5 4 1 3 
6 4 2 3 5 1 
4 5 1 2 3 6 
1 2 345 6 
1 5 6 2 4 3 
6 2 5 1 3 4 
5 4 3 6 2 1 
3 1 2 4 6 5 
4 6 1 3 5 2 
2 3 4 5 1 6 
1 
2 
3 
4 
5 
6 
2 
3 
4 
5 
6 
1 234 5 6 
1 6 5 2 3 4 
5 2 6 3 4 1 
4 5 3 1 6 2 
6 3 1 4 2 5 
2 1 4 6 5 3 
3 4 2 5 1 6 
1 234 5 6 
1 6 2 5 3 4 
4 2 5 1 6 3 
2 4 3 6 1 5 
3 5 6 4 2 1 
6 1 4 3 5 2 
5 3 1 2 4 6 
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1 2. 3 4 5 6 1 2 3 456 
1 
2 
3 
4 
5 
6 
1 
2 
3 
4 
5 
6 
1 6 5 2 3 4 
5 2 6 1 4 3 
6 4 3 5 1 2 
3 1 2 4 6 5 
2 3 4 6 5 1 
4 5 1 3 2 6 
1 2 345 6 
1 6 2 5 3 4 
4 2 5 6 1 3 
2 4 3 1 6 5 
5 3 6 4 2 1 
6 1 4 3 5 2 
3 5 1 2 4 6 
1 
2 
3 
4 
5 
6 
1 
5 
6 
3 
2 
4 
5 2 
2 6 
4 3 
1 5 
6 4 
3 1 
6 3 4 
1 4 3 
2 1 5 
4 6 2 
3 5 1 
5 2 6 
A quick computation now shows that {20, 31, 42,53, 64, 75}~J[18], completing the 
proof. 
(The authors wish to thank Mr H . L. Fu for the above quasigroups.) 
LEMMA 3.11. J[19]=1[19]. 
PROOF. Theorem 2.2 with v = 10 shows that 1[19]\{89}~J[19]. Now if M is the set 
of all intersection numbers of pairs of (not necessarily idempotent) quasigroups of order 
6, then Construction C with Ipl = 1 and IQI = 6 gives kl + k2 + k3 + ml + m2 E J[19], where 
kl. k2' k3 E J[7] and ml. m2 E M. 
Since {O, 3, 14} S; J[7] and 36 E M we have immediately that 0 + 3 + 14 + 36 + 36 = 
89EJ[19]. 
4. THE MAIN RESULT 
With the fact in hand that J[u] = l[u] for all u";; 19 the proof of the main theorem 
goes quickly. 
THEOREM 4.1. J[u] = l[u] for all u = 0 or l(mod 3). 
PROOF. The cases where u,,;; 19 are handled in Section 3 and so we can assume 
u ~21. We can, of course, always write u =2v+1 or u = 2v+4 where v =0 or 1 (mod 3). 
We consider two cases: 
(i) u=2v+1. Since v~10 we have {O, 1,2, ... ,2v+2}~J[v] and so Theorem 2.2 
gives J[u] = l[u]. 
(ii) u = 2v + 4. Since u - v ~ O(mod 3) we can use Theorem 2.3. Now since v ~ 10 we 
have {O, 1,2, .. . , v +4} ~J[v] and so Theorem 2.3 gives J[u] =1[u]. 
Combining both cases completes the proof. 
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